











































Discrete approximations of acoustic source distributions
Citation for published version:
Bilbao, S 2021, 'Discrete approximations of acoustic source distributions', IEEE Transactions on
Ultrasonics, Ferroelectrics and Frequency Control. https://doi.org/10.1109/TUFFC.2021.3066796
Digital Object Identifier (DOI):
10.1109/TUFFC.2021.3066796
Link:




IEEE Transactions on Ultrasonics, Ferroelectrics and Frequency Control
Publisher Rights Statement:
© 2021 IEEE.  Personal use of this material is permitted.  Permission from IEEE must be obtained for all other
uses, in any current or future media, including reprinting/republishing this material for advertising or promotional
purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any
copyrighted component of this work in other works
General rights
Copyright for the publications made accessible via the Edinburgh Research Explorer is retained by the author(s)
and / or other copyright owners and it is a condition of accessing these publications that users recognise and
abide by the legal requirements associated with these rights.
Take down policy
The University of Edinburgh has made every reasonable effort to ensure that Edinburgh Research Explorer
content complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact openaccess@ed.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.
Download date: 17. Aug. 2021
ACCEPTED VERSION, IEEE JOURNAL OF ULTRASONICS, FERROELECTRICS AND FREQUENCY CONTROL, 15 MARCH 2021 1
Discrete Approximations of Acoustic Source
Distributions
Stefan Bilbao, Senior Member, IEEE
Abstract—The modeling of source distributions of finite spatial
extent in ultrasound and medical imaging applications is a prob-
lem of longstanding interest. In time domain methods, such as
the finite difference time domain or pseudospectral approaches,
one requirement is the representation of such distributions over a
grid, normally Cartesian. Various artefacts, including staircasing
errors, can arise. In this short contribution, the problem of the
representation of a distribution over a grid is framed as an
optimisation problem in the Fourier domain over a preselected
set of grid points, thus maintaining control over computational
cost, and allowing the fine tuning of the optimisation to the
wavenumber range of interest for a particular numerical method.
Numerical results are presented in the important special case of
the spherical cap or bowl source.
Index Terms—finite difference time domain method, acoustic
simulation, ultrasonic transducers.
I. INTRODUCTION
T IME domain simulation of the acoustic field for appli-cations in ultrasound and medical imaging has a long
history; early approaches include the finite difference time
domain (FDTD) method [1], [2], [3], and, more recently, pseu-
dospectral and k-space methods have been employed [4], [5].
See [6] for an overview. For all such methods, a 3D Cartesian
grid is employed, and a major problem is the representation
of source distributions of finite spatial extent. Key issues are
staircasing effects [7], [5], [8] as well as the computational cost
associated with the number of grid points required to represent
a distribution [9]. In some approaches, grid point distributions
are determined directly through geometric considerations, with
additional local scaling techniques, alongside other local con-
straints (such as simply-connectedness of distributions) [10],
[7]. In others, the spatial convolution of the source distribution
with a bandlimited kernel is employed [8].
In this short contribution, an alternative method of approx-
imating a source distribution over a Cartesian grid is shown.
Here, the entire distribution is used as the starting point for an
optimisation carried out in the wave vector domain; in order to
maintain control over computational cost, the number of grid
points may be chosen a priori, with a best solution following
from the specification of a wavenumber range, which may
be tuned according to the particular numerical method em-
ployed. Source distributions and their Fourier transforms are
introduced in Section II, and discrete approximations over a
3D grid, and Fourier-based optimisation techniques in Section
III. Numerical results in the special case of the spherical cap
or bowl source distribution appear in Section IV.
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II. SOURCE DISTRIBUTIONS
In the simplest case, the 3D wave equation is the target
system to be solved numerically:
1
c2
∂2t p−∇2p = S(x, t) . (1)
Here p(x, t) is the pressure, as a function of x ∈ R3 and
t ∈ R; here we consider an unbounded domain, so boundary
conditions are not taken into account. We make here the further
simplification [9] that the source term is separable as S(x, t) =
g(x)f(t), for a fixed distribution g(x) and driving function
f(t). Distributions are assumed normalised, so that∫∫∫
R3
g(x)dx = 1 . (2)





in terms of the wave vector k = [kx, ky, kz] ∈ R3.
The spherical cap is of great importance in ultrasound
transducer modeling. See Table I for the distribution and its
transform. Here, δ(·) is a Dirac delta function, J0 is the zeroth
order Bessel function of the first kind, and the box function
u (ζ) = H(ζ + 1) − H(ζ − 1) is defined in terms of the
Heaviside step function H(ζ).
TABLE I
DISTRIBUTION g(x) AND TRANSFORM G(k) FOR A SPHERICAL CAP OF
RADIUS R AND POLAR ANGLE φ0 , ALIGNED WITH THE z AXIS. HERE,























The Fourier transform of a rotated distribution gR (x) =
g (Rx), for rotation matrix R ∈ SO(3) is GR (k) = G (Rk).
III. DISCRETE APPROXIMATIONS
Consider now approximation over a 3D grid, of spacing ∆x,
with grid points at x = q∆x, q ∈ Z3. See Figure 1. Two-step
approximations to the wave equation (1) are of the form:
pn+1q = 2p
n
q − pn−1q + c2∆2tLpnq + c2∆2t g̃qfn . (4)
Here, pnq is an approximation to p(x = q∆x, t = n∆t),
for integer time index n and time step ∆t. L is a discrete
approximation to the Laplacian, obtained either through local
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difference operations, or through Fourier spectral discretisation
(including possibly k-space scaling) [6]. fn approximates
f(t), obtained, in the simplest case, through sampling.
An approximation g̃q to the continuous distribution g(x) is
assumed defined over a region of finite support q ∈ D ⊂ Z3.
The size of the set D will determine the computational cost of
employing such an approximation in a simulation. The discrete






The factor ∆3x is included for consistency with the continuous
Fourier transform in (3). From basic sampling theory, the
transform is assumed defined for wave vectors k ∈ Uπ/∆x ,
for the cube-shaped region Uπ/∆x defined by
Uπ/∆x = {k ∈ R
3| ‖k‖∞ ≤ π/∆x} . (6)
See Figure 1. In the present context, not all of this discrete
range of wave vectors is useful; a Cartesian grid of spacing ∆x
cannot support isotropic wave propagation for wavenumbers
|k| > π/∆x, regardless of the numerical method used. It is
useful, for optimisation purposes, to introduce a bandlimited
region in the wave vector domain, defined by Bξ = {k ∈
R3||k| ≤ ξ}. Other non-Cartesian regular grid lattices can be







Fig. 1. Left: Cartesian grid, of spacing ∆x. Right: planar cross section of the
wave vector region Uπ/∆x , showing spherical regions Bπ/∆x and B2π/3∆x .
A. Optimisation
Given a target distribution g(x), grid spacing ∆x and a dis-
crete domain D, optimisation may be performed in the Fourier
domain to yield an approximation g̃q. A simple approach is
to optimise only over a wavenumber range |k| ≤ γπ/∆x, for





where G̃ may be written in terms of the coefficients g̃q from
(5). Here, wavenumbers |k| > γπ/∆x are not considered,
and thus large deviations in the optimised and target source
distribution spectra may occur over this range.
A simple solution follows from the linear system
Ag̃ = b . (8)
Here, if the number of grid locations included in D is D,
and the locations are ordered as q1, . . . ,qD, then g̃ =
[g̃q1 , . . . , g̃qD ]
T is a length D column vector containing the
optimal coefficients. The D×D matrix A has, for its (l,m)th
entry, using the cost function from (7),
[A]l,m =
γ2j1 (γπ|ql − qm|)
2|ql − qm|
, (9)
where j1 is the first order spherical Bessel function. Here, the
condition number grows with the number of grid points (and
also as the wavenumber range or γ decreases). For the cases
illustrated in Section IV, D ranges from approximately 103 to
104, and a very small degree of regularisation (Tikhonov [13])
is sufficient to remove ill conditioning.






Gei(k·ql)∆xdk = (g ∗ β) |x=ql∆x .
(10)
Note that (10) reduces to the spatial convolution of the con-
tinuous distribution g with the spherically-bandlimited kernel
β(x) = (γ2/2|x|∆2x)j1 (γπ|x|/∆x), evaluated over the spatial
locations q∆x in the arbitrary domain D. There is thus a
link with convolution-based methods proposed in [8]. An
advantage of optimisation over a natural spherical range of
wave vectors is that, due to the simple behaviour of the Fourier
transform under rotation (see Section II), for a rotation of a
distribution using rotation matrix R, [b]l as defined in (10)
above may be obtained easily using rotated grid locations
qR,l = Rql.
A weighting function could be employed (possibly includ-
ing the wavenumber scaling used in the case of k-space meth-
ods). The parameter γ may be used to tune the optimisation
according to the numerical dispersion characteristics (and thus
the useful wavenumber range) of a particular scheme (e.g., γ =
1 for a dispersionless k-space method, and γ < 1 for a simpler
FDTD scheme exhibiting dispersion). It could also be used
to target a reduced wavenumber range including the driving
frequency under continuous-wave (CW) excitation. The linear
system in (8) may be complemented by additional constraints
(such as, e.g., normalisation of g̃, through ∆3x1
T g̃ = 1, or
other moment conditions [14], [15]), leading to a constrained
optimisation problem [16].
IV. NUMERICAL RESULTS
All results here employ c = 1500 m·s−1, R = 20 mm and
φ0 = π/6 [9]. A first choice is that of the domain D used
to represent the source distribution over a grid. A reasonable
choice is to make use of grid points within a halo region of a
specified thickness H∆x around the true source distribution.
See Figure 2, illustrating the resulting coefficient sets under
unrotated and rotated conditions and with γ = 0.7.
An eighth-order accurate (in time and space) compact two-
step FDTD scheme of the diamond stencil variety (with maxi-
mal Courant number 1/
√
3) is used here [17], [18]. In contrast
with a k-space method, it exhibits numerical dispersion at low
points-per-wavelength (PPW), although at a given PPW it is
computationally less costly in the limit of large grid sizes.
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Fig. 2. Point clouds representing the spherical cap, unrotated (left) and rotated
(right). Here, a halo thickness H = 1 grid points is used, with ∆x = 2 mm.
Point sizes scale with the absolute size of the optimal coefficient.
See Figure 3. Pressure amplitudes due to CW excitation may
be extracted through the Fourier transformation of an impulse
response (i.e., using a Kronecker delta function for f in (1)).
Fig. 3. Left: stencil for an eighth-order accurate FDTD scheme. Right:
relative phase velocity error against PPW, in the (worst-case) axial propagation
direction.
As a first example, the on-axis pressure amplitude for
CW excitation generated by the scheme is compared with
the approximate solution due to O’Neil [19]. See Figure
4, showing error for different PPW. Despite the dispersion
error in the scheme, and the much smaller point cloud sizes
relative to bandlimited interpolation methods used in k-space
methods, the errors are comparable. Notice however, the
slow convergence in the range near to the source plane—a
feature consistent with other numerical results reported in the
literature [7].
Fig. 4. Left: reference normalised on-axis pressure amplitude under CW
conditions with an excitation frequency of 200 kHz. Right: relative on-axis
absolute error, for different PPW, as indicated. Here, γ = 0.35 and H = 4.
In the previous example, the dispersion error of the scheme
dominates over the error introduced by the approximation
of the source term. To see more clearly the effects of the
parameters γ and H , consider the case of operation at a high
PPW, where the scheme dispersion is negligible. See Figure
5, illustrating axial pressure error under the variation of these
parameters for a fixed sample rate. Notice in particular that
even for very small point clouds (H = 0.5 corresponding to a
halo region a single grid point thick), errors are on the order of
10−4; for comparison, results using similar point cloud sizes
obtained using heuristic scaling techniques [7] are also shown.
Fig. 5. Relative absolute error in the axial pressure amplitude, under variations
in the thickness H in grid spacings ∆x of the halo region, for fixed γ = 0.25
(left) and under variations in the relative bandwidth of the optimisation γ, for
fixed H = 2 (right). In this case, CW excitation at 40 kHz is employed,
and the sampling frequency is 2.4 MHz. Also shown, at left, are results for a
simple grid-based source representation [7].
The procedure outlined above is insensitive to rotations of
the source distribution. As an example, consider the bowl
under two orientations: aligned with the z axis, and then
rotated by π/4 about the y axis, as shown in Figure 2. As
shown in Figure 6, there are no substantial differences in
simulation errors between the two orientations.



















Fig. 6. On-axis error in pressure amplitude, under conditions as given in
Figure 4, at 11.6 PPW, for unrotated and rotated bowl orientations.
V. CONCLUDING REMARKS
In this short contribution, a new approach to the represen-
tation of source distributions over a Cartesian grid has been
illustrated. The key feature is the approximation of the distri-
bution as a whole in the wave vector domain, and the reframing
of the determination of a discrete representation as an optimi-
sation problem. This allows for the sidestepping of staircasing
problems, as well as control over eventual computational cost,
and the ability to target particular wavenumber ranges. This
approach is of general utility and is independent of the time
stepping method used (e.g., FDTD or pseudospectral).
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